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Abstract

We propose a new type of linearizability, called right-linear-first (RLF) linearizability. The well-known ZYT-
linearizability deals with only one bilinear rule. RLF-linearizability is a generalization of ZYT-linearizability since
RLF-linearizability deals with general bilinear datalog programs consisting of multiple bilinear and linear rules.
We identify sufficient conditions for RLF-linearizability. The test of the sufficient conditions is exponential in the
size of the input datalog program, which is, however, usually very small compared with the size of the extensional
database in deductive database applications.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

If a nonlinear program can be linearized, it is possible to process queries on the program efficiently by
using well-known cost-effective techniques [1,2,6,8,15,17,18] for linear programs. Since linearizabili-
ty of general nonlinear datalog programs is undecidable [5], the researches on linearizability progress
toward identifying the more and more larger class of linearizable programs.
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The first work on linearizability, calledY T-linearizability[9,11,20], dealt with a very simple class
of nonlinear programs that consist of two ruleshibnear rule and an exit rule. The bilinear rule is a
nonlinear rule with exactly two recursive subgoals in its body. The following progfamwhich consists
of one exit ruler, and one bilinear rule,, shows a typical form of such programs:

[Z] re:p(Xq,..., Xi)-e(Xq, ..., X1).
rp i p(Xq, ..., X)) -p(Y1,.... Y1), p(Zg, ..., Z), H.

Here, H is a conjunction of extensional database (EDB) subgoals. ZYT-linearization transforms the
programZ into a linear progran£®’ by replacing a recursive subgoal of the bilinear myavith the
body of the exit ruler,.

(291 re:p(X1,..., X)) -e(Xq, ..., Xy).
ré:p(Xl ..... X)) -p(Yq, ..., Y),e(Z1,...,7Z:), H.

The original prograng is calledZYT-linearizabléf it is logically equivalent toZ%".

The ZYT-linearizability was originally proposed by Zhang et al. [19,20]. They found a necessary
and sufficient condition for linearizing bilinear rules with at most one EDB subgoal in their bodies.
Saraiya [11] extended the work of Zang et al. to the bilinear rules that have multiple EDB subgoals
without repetition of the same EDB predicate. He also found a necessary and sufficient condition for
linearizing the bilinear rules. He [13] further extended his work by allowing more than two recursive
subgoals and the repetition of the same EDB predicates in the nonlinear rules. Ramakrishnan et al.
[9] dealt with bilinear rules having more than one EDB subgoal possibly with the same predicate, and
identified the largest class of bilinear rules that are linearizable by ZYT-linearization. Their approach
is based on the concept of conjunctive-query containment [3,4,7,10]. They proposed a necessary and
sufficient condition, but failed to find any way to check the condition. Instead, they proposed a testable
but sufficient condition using the concept of uniform equivalence [10].

In[12], Saraiya definedase-case linearizabilitthat is an extension of ZYT-linearizability for general
nonlinear datalog programs including multiple nonlinear rules possibly with more than two recursive
subgoals. He showed that base-case linearizability is undecidable. He never presented any sufficient
condition for such nonlinear programs.

In this paper, we consider linearization of general bilinear programs that are nonlinear programs with
multiple bilinear rules and together with multiple linear rules.

1. We propose a transformation method linearizing bilinear programs, cajleeinear-first lineari-

zation (RLF-linearizationfor short). A bilinear program is calleBLF-linearizableif it is logically

equivalent to its RLF-linearized program.

2. We identify sufficient conditions for RLF-linearizability of the following two restricted types of gen-
eral bilinear programs by utilizing the result [9] on ZYT-linearizability:

(a) MB-type (only multiple bilinear)MB-type programs have no linear rule. That is, all the recursive

rules are bilinear.

(b) SBSL-type (single bilinear and single linea§BSL-type programs have exactly two recursive

rules. One is bilinear and the other linear.
3. Using the results on the above two types, we find a sufficient condition for RLF-linearizability of
general bilinear programs. The condition is testable in exponential time. The test is only exponential
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Table 1

Comparison of the results from the work on linearizability
Linearization method  ZYT RLF Base-case

k 12
ZYT90[20] Sar89[11]  RSUV93[9] sargs[13] OUrWor Sare0{12]

No. of nonlinear rules Only one Only one Only one Only one 1 or more 1 or more
Degree of nonlinearity 2 2 2 2 or more 2 2 or more
No. of linear rules 0 0 0 0 0 or more 0 or more
No. of exit rules 1 1 1 1 1 1 or more
No. of EDB subgoals Oorl 0 or more 0 or more 0 or more 0 or more 0 or more
Duplication No No Yes Yes Yes Yes
Condition proved iff iff iff if if No
Testing algorithm Yes Yes Sufficiency only  Yes Yes No
Time complexity Polynomial Polynomial Exponential Polynomial Exponential —

in the size of the input datalog program, which is, however, usually very small compared with the

size of the extensional database in deductive database applications.

Table 1 summarizes the work on linearizability including this work, and compares the previous re-
sults with ours. In the table, the upper part shows the form of nonlinear programs being considered
in each study: ‘no. of nonlinear rules’ denotes the number of nonlinear rules in a program, ‘degree of
nonlinearity’ the number of recursive subgoals in a nonlinear rule, ‘no. of EDB subgoals’ the number
of EDB subgoals in a recursive rule, and ‘duplication’ whether the EDB subgoals with the same pred-
icate name is allowed. The lower part explains the results from each study: ‘condition proved’ denotes
whether there are conditions that are proved and if they exist, whether they are necessary and sufficient
(iff) conditions or sufficient (if) conditions, ‘testing algorithm’ whether there is an algorithm to test the
proposed conditions, and ‘time complexity’ the time complexity of the algorithm.

This paper is organized as follows. The following section gives terms and definitions used in this
paper. It also explains equivalence of logic programs and conjunctive query containment test. Section
3 defines RLF-linearization. Section 4 identifies sufficient conditions for RLR-linearizability of bilinear
programs. First, it presents sufficient conditions for two restricted types of bilinear programs, MB-type
and SBSL-type, and then gives a sufficient condition for general bilinear programs. Finally, Section 5
summarizes our results.

2. Preliminaries
2.1. Terminology

In this paper, we deal with function-free Horn clause logic programs, i.e., datalog programs [2,16].
In general, a logic program can be divided into an EDB being a set of facts and an intensional database
(IDB) being a set of logical rules. We assume that no common predicate appears in both the EDB and
the IDB. Since the EDB of a logic program does not affect whether the program is linear or nonlinear,
we refer to the IDB of a program as a program unless otherwise specified.

Normally, a rule in the IDB has the form

po(Xo) - p1(X1), ..., pu(Xy).
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Here, p; is a predicateX; a sequence of variables, apgd( X ;) aliteral. The left part of ', po(Xo), is
the headof the rule, and the right part, the conjunction of literals, istibeyof the rule. The predicate
po of the head is thbead predicateEach literal of the body is subgoal An EDB subgoals a subgoal
whose predicate belongs to the EDB. BDB conjunctioris a conjunction of EDB subgoals in the body.
A range-restricted1] rule is a rule in which every variable in the head appears in its body. In this paper,
we consider only range-restricted rules.

In a programP, if p is the head predicate of a ruteandq is the predicate of a subgoal in then
p directly depends og in r (or in P). A predicatep depends o predicatey if p directly depends
on g or there is another predicatesuch thatp directly depends om ands depends omy. A predicate
p is recursiveif p depends on itself. A subgoal in a rulds recursiveif the predicate of the subgoal
depends on the head predicate oA rule isrecursiveif there is a recursive subgoal in its body. A rule
is non-recursiveotherwise. A rule iglirectly recursivef every recursive subgoal has the same predicate
as the head. A program with at least one recursive ruledsrsive

Aruleislinear if it has exactly one recursive subgoal. Inisnlinearif it has more than one recursive
subgoal. Especially, it ibilinear if it has exactly two recursive subgoals. A prograntingar if all the
recursive rules in it are linear. It isonlinearif it has at least one nonlinear rule. Itlslinear if it is
nonlinear and all the nonlinear rules are bilinear.

A program is asingle-predicate progranif all the head predicates in the program are the same.
Note that every recursive rule in such a program is directly recursiveextrrule is a non-recursive
rule in a single-predicate recursive program. In order for a single-predicate recursive program to be
meaningful, at least one exit rule should exist in it. We assume that there is one and only one exit rule in
a single-predicate recursive program.

2.2. Equivalence of logic programs

We represent all the facts that can be derived from a progtaogether with a databage asM (P U
D), whereD is not necessarily an EDB, i.e., it can contain facts for IDB predicates. A prograsn
logically containednto a progran?’ denoted a® < P’ if M(P U D) € M (P’ U D) for any EDBD.
A programP is logically equivalento a programP’ denoted ag® = P’ if P C P’ andP 2 P'. We
also use the concept ahiform equivalenceroposed by Sagiv [10]. It is a more strengthened condition
than logical equivalence. A program is uniformly containednto a prograniP’ denoted a$? C* P’
if M(PU D) C M(P'U D) for any databas®. A programP is uniformly equivalento a progran’
denoted asP =" P’ if P C* P’ andP D% P’. It is obvious thatP =* P’ implies P = P’. Note that
logical equivalence is undecidable [14], but uniform equivalence is decidable [10].

We introduce the notion of a derivation tree that is used for definitions and proofs in the rest of the
paper.

Definition 2.1. Let a programP and a databasbP be given.Derivation treesrom P U D are defined
as follows:

1. For each fact irD, there is a derivation tree of a single node that is the fact itself.

2. Consider a ground instance of a rulm P given below.

p(€o) - q1(c1), - .., qn(Cn)-
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If there are derivation tree®; (1<i<n) such that the root of each; is g;(c;), then there is a
derivation tree withp(co) as the root and with each as a subtree.
3. All the derivation trees can be defined by the above rules only.

A fact is derivablefrom P U D if it belongs toM (P U D). It is obvious by Definition 2.1 that a fact
« is derivable fromP U D iff there is a derivation tree with the roatfrom P U D. Therefore, we can
prove thatP is logically equivalent t&®’ by showing that for any EDB, there is a derivation tree with
the roota from P U D iff there is a derivation tree with the same raofrom P’ U D.

Let P be a single-predicate prografhfor an IDB predicatep, andD an EDB.M,(P U D) denotes
all the p-facts in M (P U D). In this paper, we transform a single-predicate bilinear progfamto
a multiple-predicate linear progra®'. For linearization, a new IDB predicate is introduced ifto
Generally,M (P U D) is not equal taV (P’ U D) sinceM (P U D) does not have any fact for the newly
introduced predicate. But, our interest is whethgy(P U D) is equal toM,(P’ U D). A single-predi-
cate progranP for an IDB predicatep is contained to a progran®’ with respect to the predicatg,
denoted a® <, P', if M,(P U D) € M,(P’ U D) for any EDBD. P is equivalent tdP’ with respect
to the predicatep, denoted a® =, P’, if P <, P andP 2, P'.

2.3. Conjunctive query containment test

For any rule, the rule body is a conjunction of literals and the rule head represents a form of answers
that can be derived by the body. Therefore, a rule is justrgunctive query3]. We use the contain-
ment test between a conjunctive que?yand a progran® with possibly multiple rules. The following
algorithm tests whetha® is uniformly contained inté [10]:

Algorithm 2.1. TestingQ C* P for a conjunctive query) and a progranmp.

1. Find a substitutiom such that it replaces each variablegnwith a unique new constant.
Substitute each variablg in Q by o (X). We can obtain a fact by applyingo to the head oD.

2. Construct a databagg such that for each subgaabf Q, o (s) isin D.

3. ComputeM (P U D). If « € M(P U D), thenQ C* P. Otherwise,Q Z" P.

Theorem 2.1 [10]. In Algorithm 2.1« € M(P U D) iff Q C* P.

Algorithm 2.1 is complete for exponential time in the length®dandP [9].

3. Right-linear-first linearization

Let A be a single-predicate bilinear program shown below. There are one exit rutdinear rules
Tays - - - Ta,, andn bilinear rulesr,, ..., rp,.

[.A] Fe p(Xl, »Xl‘) :-C(Xl ,,,,, Xl)
ray P p(X1,..., Xp) - p(U1, ..., Uy), G1.

ray PX1, ..., Xy) - p(Up1, ..., Unt), G-
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rpy P p(X1, ..., X)) -p(Y11, ..., Yi), H1, p(Z11, ..., Z1y).
rp, i p(X1, ..., Xe) = p(Yp1, -, Ynt), Hpo p(Zy1, - - - s Znt)-

Here,e is an EDB predicate, andy, ..., G,,, andHq, ..., H, are conjunctions of EDB subgoals.
Consider a derivation tree derived frashand an EDBD that has a very special forffi given in

Fig. 1. For simplicity, EDB subgoals are omittedZ and each node represents a recurgivgibgoal.

The followings are the characteristicsB©f

e Eachruler; (1 <i < u) applied along the left side of the tree is either a bilinear rule or a linear rule.
Let £ be the set of the linear rules in the left side.

e If r; is alinear rule, obviously the right subtré&gis empty.

e If r; is a bilinear rule, the right subtreg has a special form shown &%, in which the exit rule is
applied only once or linear ruleg;{, 1 < j < v;) are applied repeatedly after an application of the
exit rule. Note that each leaf ifig represents an EDB subgoal. LBtbe the set of the linear rules
appearing in those right subtrees.

e Tp also has the same form @g.

e The two sets of linear rule€; andR, are disjoint.

If all the facts derivable from the trees of the foffp are regarded as EDB facts, then each bilinear
rule inT can be viewed as a linear rule since the right recursive subgoal of any bilinear rule is considered
to be an EDB subgoal.

If, for each fact derivable frord and an arbitrary EDBD, there is a derivation tree of the forf,
then A can be transformed into an equivalent linear program by the following procedure. We call the
transformation RLF-linearization.

Right-linear-fir st linearization
Let £ be the sefra, ), - - - » Tay ) @NAR the seliry, 4, - - -, Tay,, }» Wherer is a permutation of the
subscripts of the linear rules for representing their partition. For simplicity, we omit the arguments of
rules in the procedure.
(1) Transform the exit rule, into r,, whereg is a new predicate name not appearingiin
Fe: pi-e. = r,: q:-e.

(2) Transform each rulez”(h), 1<h <[, inRinto ré’lﬂ(h):
/

Tazpy - P = Grmys P- = et 4 Grny, q-
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(3) Add a new rule, below:

/

r,. pi.-¢q.
q

(4) Transform each bilinear rulg,, 1 < k < n, into rlgk:
by o p - p, Hi, p. = rl/;k : pi-p,Hq.

(5) Use each linear rule,n(h), [+ 1< h < m,in L as itself without modification.
The following programA’’/ is the result of RLF-linearization of the bilinear progratn

(A ) Tg(Xq, ..., X)) - e(X1,..., X)),
Tan 4X1.., X1) = qUz )1 - -+ » Ugye)s Gr)-

r(;”(l) q(Xq, ..., X;) - q(Un(l)l ..... Un(l)t)f GJT(I)-

r(’I p(X1, ., X)) -qg(Xq, ..., Xt).
ré”(,wi PX1. ... s X)) = pUr41)1s -+ - Un+1)e)s Gr+1)-

rfzﬂ(m) pXas oo X0) 2 pWUranyts - - - s Unmy)t)> Gr(m)-
rz;l p(Xq, .., X)) -p(Y11, -, Y1), H, q(Z11, -+ -, Z1y).

r[;n pX1, LX) - pYants oY), Huoq(Zpa, -+ - s Zne).

The resulting linear program of RLF-linearization from a single-predicate bilinear program defines
two IDB predicates. The programt”’/ consists of two single-predicate linear subprograms. One is for

the predicatey and has rules, andr; . .....r, . The otheris for the predicate and has rules,,
rc’ln(l“), e rgn(m), andrlgl, e r;n. In order to compute all the-facts in a bottom-up fashion, we must

first compute the former program to obtain all théacts, and then do the latter to obtain all {hwéacts.
Here, the predicate plays only a temporary role to accumulate thdacts generated by the original
exit rule and the linear rules in the Rt Since each subprogram consists of only linear rulg¥, is a
linear program.

Definition 3.1. Let 4 be a single-predicate bilinear program for an IDB predigatéet A"/ be the
RLF-linearized program afl under a partition£ andR, of the linear rules ind. A is RLF-linearizable
under the partition it/ ,(AU D) = M, (A" U D) for any EDBD.

4. RLF-linearizability for bilinear datalog programs
4.1. MB-type bilinear programs

In this section, we consider RLF-linearizability of an MB-type program that has only bilinear rules
as recursive rules. Since an MB-type program has no linear rules, we do not need to consider a partition
of linear rules for RLF-linearization. Consider an MB-type progrérand its RLF-linearized program
B™ as shown below. Our interest is whettiis logically equivalent td3™?.
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[B] re :p:i-e. [B"°] e ipi-e.
rpy 1 p - p. Hy p. rl’,l tpi-p,Hye.
b, * P = P, Hu, p. rl’,m Cpi-p, Hy e

Definition 4.1. A programB is MB-Linearizablef B = B,

MB-linearizability is a direct extension of ZYT-linearizability for multiple bilinear rules. Ramakrish-
nan et al. [9] give a very useful observation for ZYT-linearizability that a single bilinear rule program
is ZYT-linearizable if for every nonlinear derivation tree with only multiple occurrences of minimal
nonlinearity, there is a linear tree for the same fact. Nonlinearity occurs only if a subgoal of a bilinear rule
is expanded by a bilinear rule. Minimal nonlinearity implies that such expansion occurs only once so that
any recursive subgoal appeared from this expansion is replaced by the exit rule and is no more expanded
by a bilinear rule. For MB-linearizability, we can directly adapt the observation of Ramakrishnan et al.’s.
Any nonlinear derivation trees generated by the following progiifrhave only multiple occurrences
of minimal nonlinearity:

(B re . pi-e.
Tpy o PP Hiy,e.

-p,Hy,e.
- p, Hy, 011(e, Hy, €).

~ ~
S
[~
=

BTN

by © pi-p, Hjojjle Hj e).

rb,m: p - ps Hy, onn(e, Hy, e).

Here,r,’jij(l <i < n,1< j < n)represents minimal nonlinearity that appears from expanding the right
recursive subgoal of the rulg, by the ruler,;, and then by replacing the right two recursive predi-
cates with the predicate in the body of the exit rule. The substitutipis for the subgoal expansion to
obtainr;, .

Theorem 4.1. B is MB-linearizable iff8" < B"?.
Proof. See Appendix. [

By the same argument as in [9], since we do not know any way to check the condition of Theorem
4.1, we strengthen the condition using uniform equivalence [10] to obtain a testable condition.

Corollary 4.2. Bis MB-linearizable if3" c* B,

The condition of Corollary 4.2 can be tested by showing that ega\l_jcbf B! is uniformly contained

into B™. Since the test for each rule has the complexity of exponential time as discussed in Section 2.3
and there are? rules for such test, we obtain the following theorem:

Theorem 4.3. The condition of Corollary 4.2 can be tested in exponential time
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p(1,5) r(1,5)
2 C /[N
p(172) 9(2) p(2,3) r(3,9)e(4,5) p(1,3) m(3,4)  e(4,5)
1
p(1,2) 9(2) P(2,3)

Fig. 2. A containment that show$, < P17

Example4.1. Consider the following MB-type progran®®l and its RLF-linearized program1™’:

[Pl ro: pX,Y):-e(X,Y). [P1"0] 1o p(X.Y) :-e(X,Y).
rl p(XyY) -p(Xﬁng(Z)’p(ZaY) ri p(X1Y) -p(XaZ)5g(Z)ie(ZaY)
rot p(X,Y) = p(X,Y), 1 (Z, W), p(W,Y). rhi p(X.Y) - p(X,Y), r(Z, W), e(W,Y).

The progran 1" that generates nonlinear derivation trees with only multiple occurrences of minimal
nonlinearity is as follows:

[P1] rg 1 p(X.,Y):-e(X,Y).
ri Do pX,Y) - p(X,Z),8(2),e(Z,Y).
ré Do pX,Y) -pX, YY), r(Z, W), e(W,Y).
ri1: p(X.Y) - p(X, Z),8(2),e(Z,Up), g(Uy), e(Uz, Y).
ot pX.Y) - p(X, 2),8(2), e(Z, Up), r(Uy, Up), e(Up, V).
rél Do pX,Y) - pX,Z2),r(Z, W), e(W,Uy), g(Uy), e(Ug, Y).
réz o pX,Y)-pX,2),r(Z,W),e(W,Uq),r(Up, Up),e(Up, Y).

In order to show thaP 1 is uniformly contained intd1"?, we should test whether each rmJF(l <
i <2,1<j <2 is uniformly contained intdP1”™?. We can test these uniform containments using
Algorithm 2.1. Here, we show only the case of rujs.
For each variable in the body ef>, we assign a unique new constant as follows:
X=1 Z=2 U1=3 Ux=4, Y=5.
Let D be a database, i.e., a set of facts, which is obtained from the body by assigning the constants. Then

D ={p1,2),g2),e2,3),r(3,4),e(4,5)}.

Fig. 2 illustrates the remaining procedure. By applyigto the data bas®, we get a facip (1, 5).
It is shown by the left tree in Fig. 2. Now, we must prove tRdt"? U D also produces the fagi(1, 5).
The right tree shows that the same fa¢L, 5) can also be produced fro1™? U D.

The above procedure shows thas is uniformly contained intd®1™?. By the same test procedure,
we can show that the other three rules are also uniformly containeditité. This impliesP1" c*

P10 By Corollary 4.2,P1 = P1"b.
4.2. SBSL-type bilinear programs

Consider an SBSL-type bilinear prografrhaving one bilinear rule and one linear rule. It is of the
form C that is obtained by adding a linear rujginto Z.
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In order to RLF-linearize the prograéh we need a partition of linear rules ¢h SinceC has only one

linear rule, there are only two possible partitions: on€ is {r,} andR = {}, and the other i€ = {}

andR = {r,}. The linear rule-, makes some trouble against linearizability. The right recursive subgoal

of the bilinear rule can be expanded by the linear rule. The result of such expansion introduces a new
type of nonlinearity, which we characterize for each partition. The SBSLU-linearizability corresponds
to the former partition, and the SBSLD-linearizability to the latter.

4.2.1. SBSLU-linearizability

The new type of nonlinearity by a linear rule is depicted by a derivationTiyestnown in Fig. 3.
The superscripte and g of the recursive subgoal in T, are for distinguishing the position of each
subgoal. The corresponding rule expansion is

rbg p - %, H, pPLo(G).

o denotes a substitution for this expansion. (In fact,denotes the recursive subgoal in the substituted
rule o (r,).) T, in Fig. 3 represents a possible transformed linear tree whose root is identical to that
of 7,.. All the leaves inT, exist in T,,. Hence, it is trivial thatf;, is uniformly contained intd’,. This
containment is sufficient to eliminate the new type of nonlinearity. Note that while the application of the
linear rule occurs at the lower part i), it occurs at the relatively upper parttj.

Fig. 4 shows more general containmenfpiinto 7, that is sufficient to eliminate the new nonlinear-
ity. For each node in the left side @f’, either the linear rule, or the bilinear rule is applied. When
r, is applied, e.g.s; = r,, the corresponding child’ is an instance of the EDB conjunctia@h in r,.
Whenr,, is applied, e.g.r; = r, the corresponding child// is an instance of{ in r,, and the right
recursive subgoal ip?. The leftmost leaf is eithep® or p#. If T, is contained intdl”, it is sufficient
to obtain linearity from the new nonlinearity. Note thatZip, the application of the linear ruke occurs
at the level lower than that of the leftmost leafff, but inT,’, the application of, occurs at the upper

Fig. 4. A containment more general than the one in Fig. 3.
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part of the leftmost leaf of ). Hence, the application of the linear rule can be thought to be moped
in this transformation. (So, the lettdy” in the acronynSBSLUis to denoté'up” .)

Note that Corollary 9 in [9] gives a condition for eliminating nonlinearity by the expansion of the right
recursive subgoal of a bilinear rule by the rule itself. That is, the condition implies a transformation for
eliminating such nonlinearity. Therefore, when this transformation together with the transformation of
T, into 7,/ for eliminating the new nonlinearity is applied finite times to a derivation tree from a program
C and an EDBD, we finally obtain a linear tree that can be generated from the following RLF-linearized
programC*’* and the same EDB:

[Cst4] e
rq .
/.
rb .

ASTAS B
T T ®

,G.
,H,e.
Definition 4.2. A programC is SBSLU-linearizablé C = C*'.

We can easily identify that the RLF-linearization for obtainii§f' is based on the partitiof = {r,}
andR = {}. Therefore, SBSLU-linearizability is a special case of RLF-linearizability suchRhat{}
is given as a linear rule partition.

The following progranC™ generates only the derivation trees with multiple occurrences of the two
types of minimal nonlinearity. They are represented by the ryjesandr,,. o,, (respectivelyoyy,)
denotes the substitution for the expansiomaby r, (respectively by itself).

[c Fe ipi-e.
rq ‘pi-p,G
rl; pi-p,He.
Tha P Ps H,op,(e, G).
Ty - PPy Hoopple, H,e).

Theorem 4.4. C is SBSLU-linearizable iff" < ¢s!v.
Proof. See Appendix. [J
Corollary 45. Cis SBSLU-linearizable £ c* ¢s!*.

The condition of Corollary 4.5 can be tested by verifying whether each of the rfjJeendr;, is

uniformly contained into the progradgi’“. Since each test for the rules requires exponential time, we
have the following theorem:

Theorem 4.6. The condition of Corollary 4.5 can be tested in exponential time

Example4.2. Consider the following SBSL-type prograr®? and its RLF-linearized prograf2/
for testing SBSLU-linerizability:

[P2] ro: p(X,Y):-e(X,Y). [73251“] ro: pX,Y):-eX,Y).
rl p(XsY) -p(X!Z)!g(ZSY)' rl p(va) _p(XsZ)sg(ZsY)'
ro: p(X,Y):-pX,2),r(Z,W), p(W,Y). ré o pX,Y)-pX,Y), r(Z, W), e(W,Y).
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»(1,5) p(1,5)
p(1,2) ~(2,3)  e(3,4) g(4,5) p(1,4) 9(4,5)
)

p(1,2) r(2,3)  e(3,4)

Fig. 5. A containment that show%1 cu psiu,

The progranP2" that generates all the derivation trees with multiple occurrences of minimal non-
linearity is as follows:

(P2U] rg 1 p(X,Y):-e(X,Y).
r1 . pX,Y):-p(X,2),g(Z,Y).
ré o pX,Y)-pX,2),r(Z,W),e(W,Y).
rél D pX,Y) - p(X,Z),r(Z, W), e(W,Uy), g(Up, Y).
réz o pX,Y)-pX,2),r(Z,W),e(W,U1),r(Uy, Up),e(Up, Y).

We can prove thaP2" is uniformly contained intoP2/* by showing that both, andr}, are
uniformly contained intoP25*. Algorithm 2.1 is applied as in the case of Example 4.1. Fig. 5 il-
lustrates that, is uniformly contained intaP2'/“. The left tree is constructed using the rulg of
P2" by instantiating each variable in the rule body to a unique constant, so that the set of facts,
D ={p(,2),r(2,3),e(3,4), g(4,5)}, is used to produce the fagt(1, 5). The right tree shows that
the same facp(1, 5) can be produced fror®2°/* U D.

Similarly, the ruler;, is also uniformly contained int®2’'#, Therefore,p2" c* P25 which im-
pliesP2 = P2* by Corollary 4.5.

4.2.2. SBSLD-linearizability

We can also think about the possibility that all the applications of the linear rule are mdoved
(The letter 'D” in SBSLDs to denote tlowri'.) If such transformation can be applied to a derivation tree
T, from an SBSL-type bilinear prograthand an EDBD, we can obtain a stratified derivation trég,
as shown in Fig. 6, such that all the applications of the bilinear rule are in the upper part (labgled as
and all the applications of the linear rule are in the lower part (labeled.as

The following programC*“ generates only the derivation trees of the fdfin It consists of two
subprograms. One is for the predicateorresponding to the lower part of a derivation tree fi@th. The
other is for the predicate corresponding to the upper part of the tree.dl;eft be the latter subprogram.

[cu ] rligi-e.
rliqi-q,G.
Tqipi-q. [C;’,d] Tqipi-q.
rpipi-p,H, p. rp.pi-p, H,p.

Td:

Fig. 6. Basic concept of SBSLD-linearizability.



J.-H. Kang et al. / Information and Computation 188 (2004) 77-98 89

If C*“ is equivalent taZ with respect to the predicaje(i.e., M, c* U D) = M,(C U D) for any EDB
D) andC;d is ZYT-linearizable, we can see thatis linearizable, i.e., it is equivalent to the following

linear progranc*? with respect tgp.

[Cs )yl igi-e.
rL/z 'q:-q,G. y
/. . S ! . .
r?.p.-q. [Cp ] r7.p.-q.
rb:p:-p,H,q. rb:p:-p,H,q.

C3/4 denotes the subprogram for the predicaef C*¢.

Definition 4.3. A programC is SBSLD-linearizablé C =, 5.
The RLF-linearization for obtaining*’? is based on the partitiof = {} and R = {r,}. As in the
case of SBSLU-linearizability, the partition implies that SBSLD-linearizability is also a special case of
RLF-linearizability.
Theorem 4.7. A programC is SBSLD-linearizable iff =, cud andC;d is ZYT-linearizable.
Proof. See Appendix. [

Let Cgl denote the following program:

!
ey

<

»q-

pi-q.
p-p, H
“p-p, H,O'bb(q,H,q).

7
b
/
b

~

b

Cgl generates only the derivation trees with multiple occurrences of minimal nonlinearity among
all the nonlinear trees frorﬁ,’;d. It is obvious by the reference [9] thﬁfgd is ZYT-linearizable
if Csld —u Cnl

p = vp

Now, we find how to check the conditigh=,, C*“. SinceC 2, C" trivially holds, we want to know
whetherC C, C" holds. Consider the following two rules:

rq:p-p,G. rs . pi-p,H,s.

The ruler, is obtained from the rule, by replacing the predicate of the right recursive subgoal with a
new predicate. If s is treated as an EDB predicatg,can be considered as a linear rule. Then, bgth
andr, are linear. Ifr;, commutes withr,, we can move down all the applicationsfin a derivation
tree of the prograng into the lower part and we obtain a new derivation tree with the same root where
all the applications of, appear below the applications af, i.e., r,. Therefore, the equivalence 6f
andC* can be thought as a problem of commutativity [9] of two linear rules. This approach makes it
possible to obtain a sufficient condition for SBSLD-linearizability.

Before we give the condition, it is necessary to exptagular expressions for linear ruleErom the
definition of derivation trees, every leaf of a derivation tree should be in the database. If we are interested
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mainly in the rule applications than in the derived facts themselves, it is useful to consider derivation
trees whose leaves are not in the database. We will call such derivation trgesralalerivation trees
By the observation of Ramakrishnan et al. [9], it is possible to represent a set of partial derivation trees
for linear programs by regular expressions over the rule names. For instaneg represents all the
trees such that, is applied immediately after; is applied. In other words, the recursive subgoat,of
is expanded by, in such a tree. The power forni' represents all the trees such that onig applied
m times consecutively. The closure font represents all the trees such that onlig applied zero or
more times consecutively. Therefore, a complex expression’ represents all the trees such that
is applied after, is applied zero or more times. Ramakrishnan et al. [9] show that the two linear rules
rq andry are commutative if, - r¢ C ry - r). They also explain how such a subset relationship can be
tested using uniform containment.

Now we give our condition for SBSLD-linearizability.

Lemma48. C =, Cif ry - ry C 1y Ty
Proof. See Appendix. [
Corollary 4.9. A programC is SBSLD-linearizable if, - r; € r, - r} andCl v 34,
Since each subcondition of Corollary 4.9 can be tested in exponential time, we obtain Theorem 4.10.
Theorem 4.10. The condition of Corollary 4.9 can be tested in exponential time

Example 4.3. Consider the following SBSL-type prografs.
[P3l re: p(X,Y):e(X,Y).
ra: pX,Y):-i(X,2),p(Z,Y).
rp s p(X,Y) - p(X, Z2),8(Z), p(Z,Y).

We want to test whetheP3 is SBSLD-linearizable, i.e., wheth@3 is equivalent to its RLF-linearized
programpP3°/4,

ré DgX,Y)-e(X,Y).

rloq(X,Y)-i(X,2),q9(Z,Y).

gt p(X.Y):-q(X.Y). [P ry: q(X.Y) - e(X. V).

ryt pX.Y) - p(X, 2),8(2).q(Z.Y). rpt pX.Y) - p(X, 2),8(2),q(Z.Y).

Consider the following program3+.

[P344] sl q(X,Y):-e(X,Y).
r‘/l X, Y)-i(X,2),q(Z,Y).
rq: p(X.Y):-q(X,Y). [Psb;,d] rq: p(X,Y):-q(X,Y).
rp pX,Y) - p(X,2),8(2), p(Z,Y). rp pX,Y) - p(X,2),8(2), p(Z,Y).

7?3;‘," denotes the subprogram for the predicatef P3*?. Theorem 4.7 says th@3 is SBSLD-linear-
izable if P3 =, P3*/ andP3%! is ZYT-linearizable.
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First, we should show th&3 =, P34 This can be accomplished if the following two linear rules
satisfy the conditiom, - s C ry - r) of Lemma 4.8:

et p(X.Y)-i(X, Z), p(Z,Y).
rs . p(Xv Y) :_p(Xs Z)sg(z)ss(zv Y)

Both rules are fronP3, butr, is obtained from the bilinear rule, by replacing the right recursive
subgoalp with a new predicate. We use the procedure given by the reference [9] as follows. The basic
idea is to test containment between a mjer, and a program; - r;r.

The rule corresponding to, - r is

[Va‘rs] rg/m‘: p(X7 Y) :_i(X7Z)vp/(Zs W),g(W),S(W, Y)
The program corresponding t@- s is

[rs-rgl

0 p(X.Y) - p/(X,2),8(2),5(Z,Y).
,’l : p/(X,Y):-i(X,Z),p/(Z,Y).

~

Fig. 7 illustrates that, - r; C ry - r; holds. ThereforeP3 =, P34d holds.

Second, we must show th@3“ is ZYT-linearizable. It is a special case of MB-linearizability, so
that the same procedure as in Example 4.1 can be applied.

This can be done by showing that the following proglﬁﬁff is uniformly contained inthS;ld:

(P31 ry @ p(X.Y)-q(X,Y).
r, © p(X.Y) - p(X,2),8(2),q(Z,Y).
roy o PX,Y) = p(X,2),8(2),q(Z,U),8(U),q(U,Y).

The prograrrVDS’;,l generates only the derivation trees with minimal nonlinearity among all the non-
linear trees frorﬂDB;‘,d. Fig. 8 illustrates that,,, <* 7?3;1". This fact impIiesPS’;f c 7?3;1‘1. Therefore,
P34l is ZYT-linearizable.

p(1,4) p(1,4)

i(172) P'(2,3) 93 G4 P23 a3 s(3,4)

>

i(1,2) p'(2,3)

Fig. 7. A containment that showg - ry C ry - 1.

p(1,4) p(1,4)
p(172) 9(2) a(2,3) 9(3) a(3,9) p(1,3) 93  a(3.9)
p(1,2) 9(2) q(2,3)

Fig. 8. A containment that shows;, < P339,



92 J.-H. Kang et al. / Information and Computation 188 (2004) 77-98

4.3. RLF-linearizability of general bilinear programs

Consider a derivation treg from a bilinear progran and an EDBD. Let A"/ be the RLF-line-
arized program ofd under a given partitiof andR of the linear rules. In order to obtain a derivation
treeT’ from A’/ U D with the same root a&, we can consider two aspects: one is moving down all the
applications of the linear rules in the grofp(as in the case of SBSLD-linearizability), and the other
is elimination of nonlinearity by the bilinear rules and the linear rules in the gbas in the case
of MB- and SBSLU-linearizability). The following conditions are sufficient to move down all the the
applications of the linear rules in the gro®p
e Any linear rulera,,(j) (I +1< j<m) inthe groupR commutes with any bilinear rule, (1<k <n)

just like as in the case of SBSLD-linearizability. Thatiig, ; - rs, < rs, - Tarii) wherery, is a modi-

fied rule ofr,, obtained by replacing the predicate of the left recursive subgoal, ofiith a new

predicatesy.

Fagjy - P = Py Gr(j)- rsp - P =Sk, Hi, p.
e Anylinear ruleraﬂ(j) (I +1< j < m)inthe groupk commutes with any linear rule,_ , (1 <i <)

in the groupL. That is,ra, ;) * azy S Tang) * Tay;)-
If the above two conditions hold, any applications of the linear rulgg @an be moved down in any der-
ivation tree fromA U D. The following program4““ generates the derivation trees in which the linear
rules inR are applied first and then both the linear rule£iand the bilinear rules are applied. Any deri-
vation tree obtained by moving down all the applications of the linear rulBsdan be generated by“.

[A4] r, 1q -e.

r[’,ﬂ(l) 1q:-q, Gr1)-
Van([) q-q, Gn(l)'
ry ipi-q.

Tazgiyy - P = P Gr(41)-

ra,,(,,,) B2 7B Gn(m)'
by 1pi-p,Hy, p.

Tby, ‘p-p, Hp, p.
Lemmad.ll. A=, Aifry, -ry Cry - ra, foranyj (1 +1<j <m)andk (1<k <n),and

Tany * Taxiy S Tan) -r;l“ﬂ(j) foranyj ((+1<j<m)andanyi (1<i <I).

After this transformation, we must further proceed to eliminate nonIinearityA_%tdenote the
program as below, consisting of the rules with the head predjcataong the rules ipd“?.

[A?,d] ré pi-q.
Tazgiyy - P = P Gr(41)-

ra,,(,,,) DD, Gn(m)'
by 1pi-p,Hy, p.

T'b, p-p,Hy, p.



J.-H. Kang et al. / Information and Computation 188 (2004) 77-98 93

Two types of nonlinearity can appear in the derivation trees Mgéhu D.

e Any pair of bilinear rules generates a type of nonlinearity. There:&kénds of such nonlinearity.

e Any pair of a bilinear rule and a linear rule thalso generates another type of nonlinearity. There are
nl kinds of such nonlinearity.

Therefore, there are totaf + nl kinds of nonlinearity. As we see in MB- and SBSLU-linearizability, if

we eliminate all the occurrences of minimal nonlinearity, the given progdamRLF-linearizable. The

following programA’l’,’ generates only the derivation trees with multiple occurrences of each minimal

nonlinearity:

nl / R

[AY] g ipi-q.
Fazqiny 2P =P Gr+1)-
rarr(m) : p - P Gﬂ(m)'
Tby ‘p:-p Hip.
b, p-p,Hy, p.
by P poHiovile Hye).
r;’,,.j p-p, Hi,oij(e, Hj, e).
r}/,nn 2p - p, Hp onn(e, Hy, e).
Thvarasy - P P HL T n (@ Grggn)-

/

Thiang, PP HisTin(j(e Gr(j))-

/

rbndn(m) 1P =Py Hoy T ny (€, Grgm))-

Here,r;h_j (1<i<n, 1<j<n)denotes the rule that is obtained by expanding the right recursive

subgoal of the rule;, by the ruler,;, and then by substituting the right two recursive predicates into
the EDB predicate in the exit rule,; is a substitution corresponding to this expanskjjg,nm 1<

i <n, l+1< j<m)also denotes the rule obtained by expandinddy Fan () and then substituting

the right recursive predicate;, ;) is a corresponding substitution. Leﬁ,lf be the following program,
consisting of the rules with the head predicatamong the rules iod"'/

1
[.A;,f] ré ipi-q.
ran(l+1) p-p, Gn(l+l)-

r?yr(m) “pp, G”(m)'
rbl p-valsq

r}’)n cpi-p Hp,q.
Lemma4.12. A =, A iff A2 € A7

We obtain the following result from Lemma 4.11 and 4.12:
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Theorem 4.13. A is RLF-linearizable under a given partitioif andR, of the linear rules inA if the
conditions of Lemma 4.11 hold ao@’ cH A;,lf.

There aregm — 1) - (n + 1) cases for testing the commutativity conditions in Lemma 4.11. Each test
is exponential in time. There aré + nl rules in A" corresponding to minimal nonlinearity. In order

to test whetherd”/ A:ff holds, we must show that eachsgt + nl rules is uniformly contained into
A;lf. Each test is also exponential. Therefore, we conclude the following theorem:

Theorem 4.14. There is a sufficient condition to be tested in exponential time whether a bilinear
program A is RLF-linearizable under a given partition of the linear rules4n

5. Conclusions

Linearization of nonlinear recursive programs is very useful in deductive databases. It allows for
the use of well-known cost-effective techniques for the evaluation of linear recursions. Unfortunately,
the general problem of whether a bilinear program is equivalent to a linear program is undecidable,
if P #+ NP [5]. There is a well-known linearization, ZYT-linearization, for a limited class of bilin-
ear programs. A bilinear program of the limited class consists of only one bilinear rule and one exit
rule.

We have proposed a new transformation method, caiigd-linear-first (RLF) linearizationto line-
arize general bilinear datalog programs that have multiple bilinear and linear rules. In RLF-linearization,
we first partition the set of linear rules in a bilinear program into two disjoint subsets. Note that bilinear
programs having more than one linear rule have many partitions. Based on a partition, RLF-linearization
transforms a bilinear program to a linear program that has two stratified linear recursions. If a bilinear
program is equivalent to its RLF-linearized one, the program is said RiLBelinearizable

We have found sufficient conditions for RLF-linearizability of the two restricted types of bilinear pro-
grams, calledMB-typeand SBSL-typeAn MB-type bilinear program has only bilinear rules. A SBSL-
type program has exactly two recursive rules: one is linear and the other bilinear. Using the results on
these two types, we have derived a testable sufficient condition for RLF-linearizability of general bilinear
programs. This sufficient condition can be tested in exponential time.

Note that our results are obtained under the assumption that a partition of the linear rules is
given when RLF-linearization is applied to a bilinear program. We can consider all possible partitions
for RLF-linearizability. There are”2 partitions for a bilinear program wit linear rules. Although
we consider all the partitions, the time complexity of testing RLF-linearizability can still be
exponential.

Acknowledgment
This work was partially supported by the Korea Science and Engineering Foundation (KOSEF)

through the Software Research Center (SOREC) at Chungnam National University, and through the
Advanced Information Technology Reseach Center (AlTrc) at KAIST.



J.-H. Kang et al. / Information and Computation 188 (2004) 77-98 95
Appendix
Proof of Theorem 4.1

It is obvious that3 > B" D B"’. Assume thaf3 is MB-linearizable, i.e.B = B"”. Itimplies B =
B, ThereforeB" < B,

For the sufficiency, we prove by induction on the number of internal nodes of a derivation tree that
for every derivation tree fron together with any EDBD, there is a derivation tree with the same root
from B> U D. The basis is trivial because a tree with only one internal node is generated only by the
exit rule. Assume that the induction hypothesis holds for trees with lessktiv@ernal nodes. Lel
of Fig. 9 be a derivation tree with internal nodes frons U D. We can find an internal node(cop)
whose children correspond to the internal nodes derived by the exit rule, as shdwhehT7, be this
subtree with the roop(co). Now, we change the treE to 7’ by replacingZ. with 7/ as in Fig. 9. Let
D’ = D U {e(cp)}. Then,T’ is a derivation tree with — 2 internal nodes fron8 U D’. By the induction
hypothesis, there is a left-linear derivation t@&éwith the same root ag’ as shown in Fig. 97" uses
zero or moree(cp)’s for leaves. Note thap(cp) is derivable fromB3 U D, whose derivation tree ig,.

We restore the tre€” by replacing each occurrence Bf in 7" with 7,.. Then, we obtairf””” shown in
Fig. 9, which is a derivation tree froi"// together only with the original EDB® and has the same root
asT. SinceB™ c B™", itis clear that there is a left-linear derivation tree fré#* U D with the same
rootas7T”’, and thus, ag. [

Proof of Theorem 4.4

It is obvious that © " > ¢**. The necessity holds simply becawse: C*'* impliesC™ c ¢**,

For the sufficiency, we prove by induction on the number of internal nodes of a derivation tree that
every derivation tree fronf is contained into a derivation tree frofi’“. Let T be a derivation tree
with k(> 1) internal nodes frond and an EDBD. We can find an internal node(co) whose children
correspond to the internal nodes derived by the exit rule. There can be two types of such an internal node
as shown in Fig. 10. One type is that the internal node is derived by the lineat,rdtae other type
is that the internal node is derived by the bilinear ngleFor the remainder of this proof, arguments
similar to those of the proof for Theorem 4.1 can be applied to each case of the types.

p(co)
P(?l)H(Ea) P(|52)
e(c1) e(c2)

Fig. 9. Transformation for MB-linearizability.
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T : (rq is applied for p(co).) T : (rp is applied for p(o).)

RN

! Ta \ T \
- /

! p(@) G(@)) 1 p(E1) H(es) p(ea)

| ! |
\

Ne@) S @) e@)

Fig. 10. Two types of internal nodes.

Proof of Theorem 4.7

Itis trivial thatC 2, C*? >, ¢s!4. Also note tha‘C;‘,d is ZYT-linearizable iffcs!? =, c*“. Therefore,
C is SBSLD-linearizable if =, ¢*'/ iff C*¢ =, C andC4 is ZYT-linearizable. [J

Proof of Lemma 4.8

It is obvious thatC 2, c"d . \We must prove the reverse containment. Sincery C r, - 1), there
existsm (> 0) such that, - r, C ry - r))'. Therefore, the partial derivation trég, of Fig. 11 is uniform-
ly contained into the tre,+ of the same figure. That is, the two trees have the same root and the
conjunction of all the leaves df,; is uniformly contained into the conjunction of all the leavegf:.

Let D be an EDB. Assume thdt is an arbitrary derivation tree fro®U D. We prove the theorem
by induction on the number of applications of the rjen 7', denoted by, (T). If £,,(T) = 0, all the
applications by recursive rules i are by the linear rule,. Therefore T is also a derivation tree from
c* U D. Assume that for every derivation tree frafJ D with 4, (T) < n, there is also a derivation
tree fromC“? U D with the same root. Now, consider a derivation tiesuch thatd,, (T) = n. There
are two cases to be considered.

One case is that the root d@f is derived byr,. The number of applications af, in each of the
two subtrees of the root is less thanBy the induction hypothesis, each subtree can be contained into a
derivation tree frong*¢ U D. By replacing the original subtreesihwith these new trees frod¢ U D,
we can obtain a new derivation tree, which is fréft{ U D, with the same root a&.

The other case is by,. As we go down the tre& from the root along through the recursive sub-
goals, we meet the-facts p(ao), p(a1), ..., that have been derived by, and finally arrive at the
node p(a;) for somek(> 1) such that the node(a;) has been derived by, for the first time as

p G™

Fig. 11. Commutativity between a linear rule and a bilinear rule.



J.-H. Kang et al. / Information and Computation 188 (2004) 77-98 97

Fig. 12. Containment of derivation trees for SBSLD-linearizability.

shown in Fig. 12. That isk is the number of applications @f, above the node (a;). Such p(ay)
exists becausg, () > 0. p(ax) has been derived by, and its parent by,. SinceT,, < Ts,+ holds as
shown in Fig. 11, by applying this commutativity between the application &r deriving p(a;) and
the application of,, for its parentp(ax—1), we can obtain a treE’ that containg” as in Fig. 12. Note that
there are only — 1 applications of,, above the application @f, for p(a;_1) in T’. The transformation
by this commutativity can be repeatéd- 1 times for the remaining applications of. After all, we
obtain a treel’” that containg” as in Fig. 12. Note that., (7;) < n. By induction hypothesis, there is a
derivation treef;, from c*d U D with the same root ag,. And sincet,, (T1) < n, there is a derivation
tree7; from c*4 U D with the same root a%;. In 7", by replacingl, with T/, andTy with 7], we have
a derivation tree frond“¢ U D with the same root a§. [
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